In this paper we study the structure of different generalizations of prime ideals in the product R × S of Boolean like semi rings R and S. Further, we investigate the nature of I × J in R × S, where I and J are prime/primary/almost primary/semi prime/2-potent/2-absorbing ideals of R and S, respectively.
Introduction
A Boolean like semi ring R is a left near ring of characteristic 2 in which ab = ab(a+b+ab), ∀a, b ∈ R. R is called weak commutative if abc = acb, ∀a, b, c ∈ R and a subgroup I of a Boolean like semi ring R is called an ideal of R if RI ⊆ I and (r + a)s + rs ∈ I, ∀a ∈ I, r, s ∈ R. The notions of weakly prime, almost primary, semi prime, 2-potent, 2-absorbing and weakly 2-absorbing ideals in Boolean like semi rings were introduced and studied in [4, 5, 6, 7] . In this paper, we prove certain results concerning the nature of the ideal I × J in the product of the Boolean like semi rings R and S, namely, prime, primary, almost primary, 2-absorbing and weakly 2-absorbing. Through out this paper, unless and otherwise stated, R and S stand for Boolean like semi rings.
We recall the following sequence of definitions from [6, 7] . Definition 1. A Proper ideal I of R is called, prime if for a, b ∈ R and ab ∈ I, then a ∈ I or b ∈ I, weakly prime if for a, b ∈ R and 0 = ab ∈ I, then a ∈ I or b ∈ I, primary if for a, b ∈ R and ab ∈ I, then a n ∈ I or b ∈ I for some n ∈ N, almost primary if for a, b ∈ R and ab ∈ I − I 2 , then a n ∈ I or b ∈ I for some n ∈ N, 2-potent prime if for a, b ∈ R and ab ∈ I 2 , then a ∈ I or b ∈ I, 2-absorbing if for a, b ∈ R and abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I, weakly 2-absorbing if for a, b ∈ R and 0 = abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I and semi prime if for a, b ∈ R and a 2 ∈ I, then a ∈ I.
Remark 2.
1. For any element a of R, and n ∈ N, a n = a or a 2 or a 3 .
2.
For an ideal I of R, a 2 ∈ I ⇔ a 3 ∈ I.
3. prime ideal ⇒ primary ideal ⇒ almost primary ideal.
4. prime ideal ⇒ 2-absorbing ideal ⇒ weakly 2-absorbing ideal.
5. weakly Prime ideal ⇒ weakly primary ideal.
Properties of ideals in R × S
We begin with the following Theorem 3. If I and J are ideals of R and S, respectively, then I × J is an ideal of the Boolean like semi ring R × S.
Proof. Straightforward verification.
Theorem 4. Let I and J be ideals of R and S respectively. Then
2. J is prime ⇔ R × J is prime.
3. I × J is prime ⇒ I and J are prime.
Proof. To prove 1, let a, b ∈ R and s, t ∈ S such that (a, s)(b, t) ∈ I × S. Then (ab, st) ∈ I × S ⇒ ab ∈ I, st ∈ S ⇒ a ∈ I or b ∈ I, since I is prime. ⇒ (a, s) ∈ I × S or (b, t) ∈ I × S. Hence I × S is prime. Conversely, let a, b ∈ R, s, t ∈ S and ab ∈ I. Then (ab, st) = (a, s)(b, t) ∈ I × S ⇒ (a, s) ∈ I × S or (b, t) ∈ I × S ⇒ a ∈ I or b ∈ I. Thus I is prime. Proof of 2 is in similar lines to 1. To prove 3, let a, b ∈ R, s, t ∈ S such that ab ∈ I, st ∈ J. Then (ab, st) ∈ I × J so that (a, s)(b, t) ∈ I × J. Since I × J is prime, we have that (a, s) ∈ I × J or (b, t) ∈ I × J. This implies a ∈ I, s ∈ J or b ∈ I, t ∈ J.
In any case, a ∈ I or b ∈ I and s ∈ J or t ∈ J. Hence I and J are both prime.
Theorem 5. Let I and J be ideals of R and S, respectively. Then
2. J is primary ⇔ R × J is primary.
3. I × J is primary ⇒ I and J are primary.
Proof. To prove 1, let a, b ∈ R and s, t ∈ S so that (a, s)(b, t) ∈ I × S. Then (ab, st) ∈ I × S ⇒ ab ∈ I, st ∈ S ⇒ a n ∈ I, for some n ∈ N, or b ∈ I, since I is primary. ⇒ (a n , s
n ∈ I × S, for some n ∈ N or (b, t) ∈ I × S. ⇒ a n ∈ I, n ∈ N or b ∈ I, so that I is primary. Proof of 2 is in similar lines to 1. To prove 3, let a, b ∈ R, s, t ∈ S such that
n ∈ I × J for some n ∈ N or (b, t) ∈ I × J ⇒ a n ∈ I, s n ∈ J or b ∈ I, t ∈ J. In any case, a n ∈ I or b ∈ I and s n ∈ J or t ∈ J, for some n ∈ N so that I and J are both primary.
We prove the following lemma to use in the sequel. Lemma 6. Let I be an ideal of R and let S posses right unity. Then
Hence the lemma.
Theorem 7. Let I and J be ideals of R and S, respectively. Then 1. I is almost primary ⇔ I × S is almost primary.
2. J is almost primary ⇔ R × J is almost primary.
3. I × J is almost primary ⇒ I and J are almost primary .
Proof. To prove 1, let (a, s)(b, t) ∈ I × S − (I × S) 2 . Then (ab, st) ∈ I × S and (ab, st) / ∈ (I × S) 2 ⇒ ab ∈ I, ab / ∈ I 2 ⇒ ab ∈ I − I 2 ⇒ a n ∈ I or b ∈ I for some n ∈ N, since I is almost primary. ⇒ (a n , s) ∈ I × S or (b, t) ∈ I × S ⇒ (a n , s n ) ∈ I × S or (b, t) ∈ I × S ⇒ (a, s) n ∈ I × S or (b, t) ∈ I × S. Hence I × S is almost primary. Conversely, let a, b ∈ R such that ab ∈ I − I 2 and let s, t ∈ S ⇒ ab / ∈ I 2 and ab
In any case, a n ∈ I or b ∈ I and s n ∈ J or t ∈ J, which implies I and J are almost primary.
Theorem 8. Let I be 2-potent prime ideal of R. Then the following are equivalent.
1. I × S is weakly 2-absorbing.
I × S is 2-absorbing.
3. I is 2-absorbing.
Proof. (1 =⇒ 2) Let (a, s), (b, t), (c, r) ∈ R×S such that (a, s)(b, t)(c, r) ∈ I×S ⇒ (abc, str) ∈ I × S ⇒ abc ∈ I. If abc = 0, then (0, 0) = (abc, str) ∈ I × S ⇒ (a, s)(b, t)(c, r) ∈ I × S ⇒ (a, s)(b, t) ∈ I × S or (a, s)(c, r) ∈ I × S or (b, t)(c, r) ∈ I × S, since I × S is weakly 2-absorbing. If abc = 0, then abc ∈ I 2 ⇒ a ∈ I or bc ∈ I, since I is 2-potent. Now (ab, st) ∈ I × S or (bc, tr) ∈ I × S or (ac, tr) ∈ I × S ⇒ (a, s)(b, t) ∈ I × S or (a, s)(c, r) ∈ I × S or (b, t)(c, r) ∈ I × S. Hence I × S is 2-absorbing. (2 =⇒ 3) Let a, b, c ∈ R such that abc ∈ I and let s, t, q ∈ S. Then (abc, stq) ∈ I ×S ⇒ (a, s)(b, t)(c, q) ∈ I ×S and ⇒ (a, s)(b, t) ∈ I ×S or (a, s)(c, q) ∈ I ×S or (b, t)(c, q) ∈ I × S ⇒ ac ∈ I or bc ∈ I or ab ∈ I, so that I is 2-absorbing. The following corollary is a consequence of theorem 7 and 3 of remark 2. Corollary 9. Let I be a prime ideal of R. Then the followings are equivalent.
2. I × S is 2-absorbing.
I is 2-absorbing.
Theorem 10. Let I be 2-potent prime ideal of R. Then the followings are equivalent.
1. I × S is almost primary,
I × S is primary
Proof. Follows from theorem 4 and the hypothesis that I is 2-potent prime.
Theorem 11. Let I and J be ideals of R and S, respectively. Then 1. I × S is 2-potent prime ⇔ I is 2-potent prime.
2. R × J is 2-potent prime ⇔ J is 2-potent prime.
3. R is weak commutative and I × J is 2-potent prime ⇒ I and J are prime ideals.
Proof. To prove 1, let a, b ∈ R, s, t ∈ S and ab ∈ I 2 . Then (ab, st)
It follows that a ∈ I or b ∈ I and hence I is 2-potent prime. Conversely, for a, b ∈ R and s, t ∈ S, let (a, s)(b, t) ∈ (I × S)
Hence I × S is 2-potent prime ideal of R × S. Proof of 2 is in similar lines to 1. To prove 3, let a, b ∈ R and c, d ∈ S such that ab ∈ I and cd ∈ J. Then (ab, cd)
) ∈ I × J ⇒ a ∈ I and c ∈ J or b ∈ I and d ∈ J. Thus I and J are prime ideals.
The following corollary is a direct consequence of the above theorem. Corollary 12. If R is weak commutative and I × J is 2-potent prime ideal, then I and J are 2-potent prime ideals.
Theorem 13. Let I and J be ideals of R and S, respectively. Then
3. I × J is semi prime ⇔ I and J are semi prime.
Proof. For the proof of 1, let a ∈ R with a 2 ∈ I, and s ∈ S. Then (a, s) 2 ∈ I ×S ⇒ (a, s) ∈ I × S ⇒ a ∈ I. Hence I is semi prime. Conversely, let (a, s) 2 ∈ I × S ⇒ (a 2 , s 2 ) ∈ I × S ⇒ a 2 ∈ I, s 2 ∈ S ⇒ a ∈ I, s ∈ S ⇒ (a, s) ∈ I × S. Hence I × S is semi prime. Proof of 2 is in similar lines to 1. For proving 3, let a ∈ R, b ∈ S such that a
We recall the following from [6] .
Definition 14. Let I be an ideal of R. The radical of I, denoted by √ I, is defined as √ I = {a ∈ R : a n ∈ I for some n ∈ N.
Corollary 15. Let I be an ideal of R.
Proof. Follows from the result that I is semi prime if and only if I = √ I Theorem 16. Let I be an ideal of R. Then 1. If I × S is weakly primary, then I is weakly primary.
2. If I × S is weakly prime, then I weakly prime.
Proof. For 1, let a, b ∈ R and s, t ∈ S such that 0 = ab ∈ I. Then 0 = (ab, st) = (a, s)(b, t) ∈ I × S ⇒ (a, s) n or (b, t) ∈ I × S, for some n ∈ N ⇒ a n ∈ I or b ∈ I, so that I is weakly primary. Proof of 2 is a routine verification of the definition of weakly prime ideal.
Theorem 17. Let I and P be proper ideals of R such that I ⊆ P . Then 1. If P is weakly primary, then P/I is weakly primary.
2. If I and P/I are weakly primary, then P is weakly primary.
Proof. For 1, let a + I, b + I ∈ R/I such that I = (a + I)(b + I) = ab + I ∈ P/I ⇒ ab ∈ P , ab / ∈ I. Clearly ab = 0 ⇒ a n ∈ P or b ∈ P for some n ∈ N. ⇒ a n + I ∈ P/I or b + I ∈ P/I. Hence P/I is weakly primary. For proving 2, let 0 = ab ∈ P . If ab ∈ I then a n ∈ I ⊆ P or b ∈ I ⊆ P ⇒ a n ∈ P or b ∈ P . If ab / ∈ I, then ab + I = I ⇒ I = (a + I)(b + I) ∈ P/I. Thus (a + I) n = a n + I ∈ P/I or b + I ∈ P/I. This implies a n ∈ P or b ∈ P . Hence P is weakly primary.
Corollary 18. Let I and P be proper ideals of R such that I ⊆ P . Then the following hold.
1. If P is weakly prime, then P/I is weakly prime.
2. If I and P/I are weakly prime, then P is weakly prime.
Proof. Let a + I, b + I ∈ R/I such that I = (a + I)(b + I) ∈ P/I. This implies 0 = ab ∈ I and hence a n ∈ P , n ∈ N, or b ∈ P . Thus a n + I ∈ P/I or b + I ∈ P/I. Consequently, P/I is weakly prime. For the proof of 2, suppose 0 = ab ∈ P . If 0 = ab ∈ I, then a n ∈ I ⊆ P , n ∈ N, or b ∈ I ⊆ P which implies P is weakly prime. Otherwise, I = ab + I ∈ P/I ⇒ I = (a + I)(b + I) ∈ P/I ⇒ (a + I) n ∈ P/I or b + I ∈ P/I and hence P/I is weakly prime.
We conclude this paper with the following Remark 19. In general, I is weakly prime does not imply I × S is weakly prime. For instance consider the following Clearly the ideal I = {0} is a weakly prime ideal. Let (a, c), (a, b) ∈ R × R with R = S, in which (0, 0) = (a, c)(a, b) = (0, b) ∈ I × S, but neither (a, c) nor (a, b) is in I × S, which in turn shows that I × S is not weakly prime.
